Abstract. In this paper we obtain necessary conditions for a finite dimensional real nilpotent Lie algebra n to admit symplectic structures. Given a Lie subalgebra g of Der(n) acting reductively on n we study some g-module projections P : Λ 2 n * → Λ 2 n * associated to the lower central series (and to certain other filtrations) of n and we prove that if n is symplectic then there is an irreducible g-submodule U of H 2 (n) such that P (σ) = 0 for any σ ∈ Λ 2 n * corresponding to a nonzero class in U . These results allow us to obtain the list of all symplectic nilradicals of parabolic subalgebras of split real simple Lie algebras.
Introduction
In this paper we obtain necessary conditions (see Theorem 3.3 and Corollary 3.5) for a nilpotent Lie algebra to admit symplectic structures and we use this result as the main tool to determine the set of all nilradicals of parabolic subalgebras of split real simple Lie algebras admitting symplectic structures (see Theorem 4.7) . Throughout this paper, Lie algebras are always finite dimensional over R. specific families of Lie algebras, for instance some subfamilies of filiform Lie algebras [8, 10] , Heisenberg Lie algebras [5] , nilpotent Lie algebras associated with graphs [14] , free nilpotent Lie algebras [3] , among others.
In [4] the author obtains the list of symplectic nilradicals of Borel subalgebras of split real simple Lie algebras. The main tool to obtain this classification is a general result about symplectic nilpotent Lie algebras involving the spectral sequence arising from the filtration associated to its lower central series. It follows from this result that if a given nilpotent Lie algebra n has a symplectic form, then there is a nonzero element u ∈ H 2 (n) such that P (u) = 0 for certain projection P : Λ 2 n * → Λ 2 n * .
In this paper, Corollary 4.3, obtained from Theorem 3.3, extends this result from [4] as follows. Let n = C 0 (n) ⊃ C 1 (n) ⊃ · · · ⊃ C k−1 (n) ⊃ C k (n) = 0 be the lower central series of a nonabelian nilpotent Lie algebra such that either n or R ⊕ n is symplectic and let g be a reductive subalgebra of Der(n) (a possible instance is g = 0). Let m j ⊂ n * (j = 1, . . . , k) be g-submodules that
are compatible with the lower central series and let P t : Λ 2 n * → m t ∧ m k−t+1
be the projection associated to the decomposition Λ 2 n * = 1≤i≤j≤k m i ∧ m j .
Then, if dim C k−t (n) + dim C t−1 (n) > dim n (it always does for t = 1) there is an irreducible g-submodule U t of H 2 (n) such that P t (σ) = 0 for any σ ∈ Λ 2 n * corresponding to a nonzero cohomology class in U t .
This result allows us to determine the set of all nilradicals of parabolic subalgebras of split real simple Lie algebras admitting symplectic structures.
We prove in Theorem 4.7 that if n is one of these nilradicals and either n or R ⊕ n admits a symplectic structure, then n belongs to the following list.
1. The abelian Lie algebras.
2. The free 2-step nilpotent Lie algebra generated by 2 or 3 elements.
3. The filiform Lie algebra of dimension 4: [X 1 , X 2 ] = X 3 , [X 1 , X 3 ] = X 4 .
{X
All these Lie algebras are 2-step nilpotent, except for the 3-step filiform Lie algebra.
The list of nilradicals given above is obtained by using only particular instances of our Theorem 3.3 (in addition to Kostant's description of the module structure of H 2 (n) under the action of a reductive subalgebra of Der(n)). We think that this theorem will simplify the task of constructing symplectic forms on a given Lie algebra, or proving that it does not admit such structure in many other situations.
Symplectic structures on Lie algebras
In this section we briefly recall some basic facts about Lie algebra cohomology and prove two useful lemmas about symplectic Lie algebras Let g be a real Lie algebra of dimension m. The Chevalley-Eilenberg complex of g is the differential complex
where we identify the exterior product Λ p g * with the space of skew-symmetric
The first differential d 1 coincides with the dual mapping of the Lie bracket
) is called the Lie algebra cohomology of g (with real coefficients) and it is denoted by H * (g).
A given ω ∈ Λ * g * is said to be closed if dω = 0 and it is said to be exact if
then ω is closed if and only if (see (2) )
and ω is exact if and only if there is some f ∈ g * such that ω(U,
for all U, V ∈ g.
A symplectic structure on g is a closed 2-form ω which is also nondegenerate. It is clear that symplectic Lie algebras are necessarily even dimensional.
If dim g = m, then a closed 2-form ω is a symplectic structure on g if and only
if ω m/2 = 0.
The lower central series of a Lie algebra g is {C j (g)}, where for all j ≥ 0,
The upper central series of g is {C j (g)}, where for all j ≥ 0, C j (g) is given by
We notice that C 1 (g) = [g, g] is the commutator of g and C 1 (g) is the center of g.
The following theorem gives an obstruction for a Lie algebra to admit symplectic structures. This result appears in the preprint [1] and we obtained it independently. Since we will need a particular instance of it in §4 and the proof is not long, we give it here to keep the self-contained character of this paper.
respectively, the upper and lower central series of a Lie algebra g. If either g or R ⊕ g is a symplectic Lie algebra then
Proof. We first recall that [C i (g), C j (g)] ⊂ C i−j−1 (g) (with the convention that C k (g) = 0 if k < 0) for all i, j ≥ 0. Indeed, if i = 0, 1 there is nothing to prove.
By induction, we assume the statement true for i − 1 then we will prove it for i. This is also done by induction.
as we wanted to prove. In particular, [C i+1 (g), C i (g)] = 0 for all i ≥ 0.
Now assume that g is symplectic and let ω be symplectic structure on g. Then ω defines a linear mapping ψ : g → g * where ψ(X) = ω(X, ·), which is injective since ω is nondegenerate. Consider the restricted map ψ| Cj (g) :
We now prove by induction that the image of this injective map is a subspace of the annihilator of C j (g).
If j = 1 then dω = 0 and formula (3) imply that for any Z ∈ C 1 (g) (which is the center of g) and
We now assume the statement true for j − 1.
, with U ∈ g and V ∈ C j−1 (g). We know that [Z, U ] ∈ C j−1 (g) and we
have proved that [Z, V ] = 0. Thus
by the induction hypothesis.
Since the image of the injective map ψ| Cj (g) :
Finally, ifg = R ⊕ g is symplectic, the result follows from the fact that
are, respectively, the lower and upper central series ofg.
We now assume that n is a k-step nilpotent Lie algebra, that is C k (n) = 0
On the other hand, if ω ∈ Λ 2 n * is a closed 2-form and i + j ≥ k, then
Indeed, this is obvious for j = k, so we assume that this is true for j = k−r with 0 ≤ r < k and we will prove it for j = k − r − 1.
it follows that i ≥ 1 and thus X = [U, V ] where U ∈ n and V ∈ C i−1 (n). From
and thus, by the induction hypothesis, ω(V, [Y, U ]) = 0 and hence ω(X, Y ) = 0.
These observations can be expressed as follows. For each j = 1, . . . , k, let m j ⊂ n * be subspaces defined inductively so that
In particular, n * = m 1 ⊕ m 2 ⊕ · · · ⊕ m k and thus
The following lemma generalizes [2, Lemma 2.8] and is a straightforward consequence of (4) and (5).
Lemma 2.2. Let n be a k-step nilpotent Lie algebra and let m j , 1 ≤ j ≤ k, be as in (6) . Then
and
Reductive Lie algebras acting on symplectic nilpotent Lie algebras
In this section, n is a nilpotent Lie algebra and Der(n) is its Lie algebra of derivations.
and let g be a reductive Lie subalgebra of Der(n), acting reductively on n and preserving the filtration.
As we did with the lower central series, we introduce, for each j = 1, . . . , k, g-submodules m j ⊂ n * defined inductively so that
For each t = 1, . . . , ⌈k/2⌉ let
be the projection with respect to the decomposition Λ 2 n * = 1≤i≤j≤k m i ∧m j .
It is clear that P t is a g-module morphism.
Definition 3.1. We say that a filtration n = n
when ω is an exact 2-form and i + j ≥ k − 1, (ii) when ω is a closed 2-form and
Remark 3.2. We notice the following facts.
(1) The lower central series is accurate, see (4) and (5).
(2) There are accurate filtrations other than the lower central series: for instance if n is abelian, the only accurate filtrations are the lower central series and n 0 = n n
n k = 0 is accurate and m j , j = 1, . . . , k, are defined as above, then (7) and (8) hold.
(4) Ifñ = RT ⊕ n and n = n
filtration of a nonabelian Lie algebra n such that n 1 = C 1 (n), theñ
defines an accurate filtration ofñ for all t = 1, . . . , ⌈k/2⌉, of the same length k. Indeed, on the one hand it easy to check that ω(X, Y ) = 0 in case (i) of Definition 3.1. On the other hand, assume that ω is a closed 2-form in Λ 2ñ * and let T * ∈ñ * be defined by T * (T ) = 1 and T * | n = 0.
Then ω = T * ∧ ξ + ω 0 with ω 0 a closed 2-form in Λ 2 n * and ξ ∈ n * with ξ| C 1 (n) = 0 (in particular ξ| n j = 0 for j ≥ 1). Since the filtration of n is accurate, it is now straightforward to see that if 
Then, for any t = 1, . . . , ⌈k/2⌉ such that
(in particular for t = 1) there is an irreducible g-submodule U t of H 2 (n) such that P t (σ) = 0 for any σ ∈ Λ 2 n * corresponding to a nonzero cohomology class
Proof. We first assume that n is symplectic and let ω be a symplectic form.
Let m j , 1 ≤ j ≤ k, be as in (9) . Since the filtration is accurate, it follows from
Recall that the map ψ : n −→ n * defined as ψ(X) = ω(X, · ) is an isomorphism.
Let t = 1, . . . , ⌈k/2⌉ be as in the hypothesis and let X ∈ n k−t . Then
since the annihilator of n k−t is m 1 ⊕ m 2 ⊕ · · · ⊕ m k−t . Since t ≤ k/2, the first sum is empty. In the second sum j ≥ k + 1 − t and thus
If in addition Y ∈ n t−1 , ω i,j (Y, X) = 0 for all i ≤ t − 1 and therefore
The only pair (i, j) satisfying
We will show now that P t (ω) = 0. Assume, on the contrary, that ω t,k+1−t = P t (ω) = 0. Then (13) implies that
The case corresponding to t = 1 is a contradiction since ω is nondegenerate. In the case t ≥ 2, since ψ is injective, one would obtain
which is a contradiction to (11) . Thus, we have proved that P t (ω) = 0.
Let V be the g-submodule of Λ 2 n * generated by ω. Since ω is closed, every element in V is closed. Let
be its g-module decomposition into irreducible submodules. If ω = ω 1 +· · ·+ω r , with ω i ∈ V i , we may assume that P t (ω 1 ) = 0 and thus
is an injective g-module morphism. Again, every element in V 1 is closed.
If σ ∈ V 1 and σ = 0, then
it follows that the cohomology class corresponding to σ is nonzero. Therefore,
n) is the canonical projection, then π| V1 is injective and U t = π(V 1 ) satisfies the required condition.
We now assume thatñ = RT ⊕ n is symplectic and n 1 = C 1 (n) = 0. Let t = 1, . . . , ⌈k/2⌉ be as in the hypothesis, then it follows from Remark 3.2 (4) that the filtration ofñ given bỹ
is accurate and it is also preserved by g viewed as a reductive Lie subalgebra of Der(ñ) (acting by zero on T ). If T * ∈ñ * is defined by T * (T ) = 1 and T * | n = 0.
then we may choosem
It follows from (11) that dimñ k−t + dimñ t−1 > dimñ and hence there is an irreducible g-submodule U t of H 2 (ñ) such thatP t (σ) = 0 for any σ ∈ Λ 2ñ * corresponding to a nonzero cohomology class in U t . Since
as g-modules andP t (T * ∧ m 1 ) = 0, it follows that U t is a submodule of H 2 (n), and now P t (σ) =P t (σ) = 0 for any σ ∈ Λ 2 n * corresponding to a nonzero cohomology class in U t .
Remark 3.4. Theorem 3.1. in [4] is now a consequence of the theorem above.
Indeed, the spectral sequence limit term E 0,2 ∞ in [4] corresponds to the image of projection P 1 in Theorem 3.3, when considering g as the trivial subalgebra of Der(n) and the filtration given by the lower central series of n.
An immediate consequence of Theorem 3.3 and Remark 3.2(1) is the following corollary.
Corollary 3.5. Let n be a nonabelian nilpotent Lie algebra such that either n
or R ⊕ n is symplectic and let g be a reductive subalgebra of Der(n) (a possible instance is g = 0). Then, for any t = 1, . . . , ⌈k/2⌉ such that
(in particular for t = 1) there is an irreducible g-submodule U t of H 2 (n) such that P t (σ) = 0 for any σ ∈ Λ 2 n * corresponding to a nonzero cohomology class in U t .
Nilradicals of parabolic subalgebras with symplectic structures
In this section we study the existence of symplectic structures on the nilradicals n (or their trivial one-dimensional extensions) of parabolic subalgebras p ≃ g 1 ⋉ n of split real simple Lie algebras. We use Corollary 3.5 applied to the reductive Lie algebra g 1 viewed as a subalgebra of Der(n).
Basic facts about parabolic subalgebras
Let g be a split real simple Lie algebra with triangular decomposition g = g − + h + g + associated to a positive root system ∆ + with simple roots Π and let b = h + g + be the corresponding Borel subalgebra of g. Let W be the Nilradicals of parabolic subalgebras admitting symplectic structures 11 associated Weyl group of g. Given α ∈ ∆, let s α ∈ W denote the associated reflection and, for w ∈ W , let ℓ(w) be the length of w 
is the center of n. 
Under this identification the dual action of g 1 on n * becomes the adjoint action of g 1 on n − . Also, if j = 1, . . . , k and m j is defined as in (9), then m j ≃ g (−j) .
In particular, if P = P 1 is the projection considered in (10), then P becomes
The 2-cohomology of the nilradicals of parabolic subalgebras
A well known result of Kostant [13] describes the irreducible g 1 -submodules of
In fact, up to scalars, the set of representatives of the b 1 -highest weight vectors in H 2 (n) is:
where
n and ℓ(w) = 2}. The following proposition describes H 2 (n) hwv more precisely.
Proposition 4.2. A set of representatives of the b 1 -highest weight vectors in
Proof. If w ∈ W and ℓ(w) = 2, then w = s α s β for some α, β ∈ Π, α = β.
Taking into account that w∆ − ∩ ∆ + contains exactly two elements [9] [ §10.3], a direct computation shows that w∆
Now w ∈ W 1,2 if and only if w∆
Since α and β are simple and
it follows that w ∈ W 1,2 if and only if α ∈ Π 0 and, in the case (β, α) = 0,
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Symplectic nilradicals Proposition Let n be a nonabelian nilradical of the parabolic subalgebra of
g associated to Π 0 . If either n or R ⊕ n is symplectic, then there exist α ∈ Π 0 and β ∈ Π, such that g sα(β) ⊂ C k−1 (n) and (β, α) < 0.
Proof. If either n or R ⊕ n is symplectic, we know from case t = 1 in Corollary 3.5 that there exists a nonzero b 1 -highest weight vector u ∈ H 2 (n) hwv such that P (σ) = 0 for any representative σ of u. Let α ∈ Π 0 and β ∈ Π be as in Proposition 4.2 the roots corresponding to u. Since X −α ∈ g (−1) , it follows from (16) that
if and only if X −sα(β) ∈ g (−k) , or if and only if g sα(β) ⊂ C k−1 (n). Since n is nonabelian, it follows that k > 1 and hence s α (β) = β. This shows that (β, α) = 0 and being both simple roots, we obtain (β, α) < 0.
Proof. If coord α (γ) = coord α (γ max ) for all α ∈ Π 0 then it is clear from (15) that g γ is contained in the center of n.
Conversely, let γ ∈ ∆ + n be such that g γ ⊂ C k−1 (n) and assume that
there exists some β ∈ Π 0 such that coord β (γ) > coord β (γ max ) which is clearly not possible. 
In any case, (β, α) < 0.
Proof. If either n or R ⊕ n is symplectic, then it follows from Propositions 4.3 and 4.4 that there exist α ∈ Π 0 and β ∈ Π, such that 
All the subsets Π 0 ⊂ Π giving rise to symplectic nilradicals are characterized by Remark 4.1 and Proposition 4.5. These sets can be identified by reading the Dynkin diagrams. After a careful inspection of them, we obtain the possible Π 0 for each family and we list them in Table 1 . We assume that Nilradicals of parabolic subalgebras admitting symplectic structures 15 Π = {γ 1 , . . . , γ n } where the numbering of simple roots is as [9] [ Theorem 11.4] (and is in correspondence with the Dynkin diagrams given above).
Split real form of type Π 0 = {α} Table 1 Note that not every nilpotent Lie algebra arising from a Π 0 listed above is necessarily symplectic. The rest of the paper is devoted to distinguish which of the candidates in Table 1 give symplectic nilradicals.
Remark 4.6. Note that if g is of type A, D or E and n is the nilradical associated to some Π 0 = {α} in Table 1 , then n is abelian since coord α (γ max ) = 1 in any case (see Remark 4.1). Thus either n or R ⊕ n is always symplectic. The same assertion is valid for g of type B and Π 0 = {γ 1 }, and g of type C and Π 0 = {γ n }.
The next result summarizes the nilradicals admitting symplectic structures.
Theorem 4.7. Let n be the nilradical of the parabolic subalgebra of g associated to Π 0 and assume that R ⊕ n or n is symplectic. Then g and Π 0 are one of the following:
1. g is of type A, D or E and Π 0 = {α} as in Table 1 , resulting n abelian;
2. g is of type B n and Π 0 = {γ 1 } or g is of type C n and Π 0 = {γ n }, resulting n abelian;
3. g is of type A n and Π 0 = {γ k , γ k+1 } where k is either 1 or n − 1 and n ≥ 1, or k = 2 and n = 4;
4. g is of type B n and Π 0 = {γ n } for n = 2 or n = 3;
5. g is of type B 2 and Π 0 = {γ 1 , γ 2 };
6. g is of type C n and Π 0 = {γ n−1 } for n = 3 or n = 4;
7. g is of type D n and Π 0 = {γ n−1 , γ n } for n = 4.
Proof. Throughout this proof, given a basis B of a Lie algebra, we will denote with upper indexes the elements of the dual basis of B.
The first and second statements are direct consequences of Remark 4.6.
We consider now the remaining cases Π 0 = {α} in types B, C and G.
• B n : Here Π = {ǫ 1 − ǫ 2 , . . . , ǫ n−1 − ǫ n , ǫ n }, Π 0 = {ǫ n } and thus
This shows that n is the free 2-step nilpotent Lie algebra on n generators n n,2 .
It follows from Lemma 2.1 that neither n n,2 nor R ⊕ n n,2 admit symplectic structures unless n = 2 or n = 3. Moreover, n 2,2 is the Heisenberg Lie algebra and R ⊕ n 2,2 is symplectic, and n 3,2 is six-dimensional and it is also symplectic (see for instance [3, 5] ).
• C n : Here Π = {ǫ 1 − ǫ 2 , . . . , ǫ n−1 − ǫ n , 2ǫ n }, Π 0 = {ǫ n−1 − ǫ n } and thus
It follows from Lemma 2.1 that neither n nor R ⊕ n admit symplectic structures unless n = 3 or n = 4. Moreover, n gives rise to symplectic Lie algebras for n = 3 and n = 4 as we show below. If n = 3, then n is the quaternionic Heisneberg Lie algebra, it has dimension 7, with center of dimension 3 and B = {X 1 , X 2 , Y 1 , Y 2 } ∪ {Z 11 , Z 12 , Z 22 } is a basis with nonzero brackets
If n = 4, then n has dimension 12 with center of dimension 6. It admits a
defines a symplectic form in n.
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• G 2 : Here Π = {γ 1 , γ 2 }, Π 0 = {γ 1 } and ∆ n = {γ 1 , γ 1 + γ 2 , 2γ 1 + γ 2 , 3γ 1 + γ 2 , 3γ 1 + 2γ 2 }.
It tuns out that n is the free 3-step nilpotent Lie algebra on 2 generators. It is known [6] that R ⊕ n does not admit symplectic structures.
It only remains to consider the case Π 0 = {α, β}, which occurs in types A, B, C or D.
• A n : In this case Π 0 = {γ k , γ k+1 } with k = 1, . . . , n−1 and it is straightforward to see that n is 2-step nilpotent, dim(n/n ′ ) = n and its center is of dimension k(n − k). It follows from Lemma 2.1 that symplectic structures may appear only for k = 1, n − 1 (any n ≥ 2) or, k = 2 if n = 4.
If k = 1 or k = n − 1, then n is odd dimensional and isomorphic to 
• B 2 : In this case n is the nilradical of the Borel subalgebra of g, it is 3-step nilpotent, has dimension 4 and it is symplectic (cf. [4] ).
• C n : Here Π = {ǫ 1 − ǫ 2 , . . . , ǫ n−1 − ǫ n , 2ǫ n }, Π 0 = {ǫ n−1 − ǫ n , 2ǫ n } and ∆ + n = {2ǫ n , ǫ i − ǫ n : 1 ≤ i ≤ n − 1} ∪ {ǫ i + ǫ n : 1 ≤ i ≤ n − 1} ∪ {ǫ i + ǫ j , 1 ≤ i ≤ j ≤ n − 1}.
It is clear that n is 3-step nilpotent and it follows from Lemma 2.1 that neither n nor R ⊕ n is symplectic if n ≥ 4. It is not difficult to see that n neither is symplectic for n = 3.
• D n : Here Π = {ǫ 1 − ǫ 2 , . . . , ǫ n−1 − ǫ n , ǫ n−1 + ǫ n }, Π 0 = {ǫ n−1 − ǫ n , ǫ n−1 + ǫ n } and α = ǫ n−1 + ǫ n . In this case ∆ + n = {ǫ i − ǫ n , ǫ i + ǫ n : 1 ≤ i ≤ n − 1} ∪ {ǫ i + ǫ j , 1 ≤ i < j ≤ n − 1}.
It follows from Lemma 2.1 that neither n nor R ⊕ n admit symplectic structures unless n = 4. If n = 4, then n has dimension 9 with center of dimension 3. It 
defines a symplectic form inñ = RU 1 ⊕ n.
